By adding only one smooth flux-controlled memristor into a three-dimensional (3D) pseudo fourwing chaotic system, a new real four-wing hyperchaotic system is constructed in this paper. It is interesting to see that this new memristive chaotic system can generate a four-wing hyperchaotic attractor with a line of equilibria. Moreover, it can generate two-, three-and four-wing chaotic attractors with the variation of a single parameter which denotes the strength of the memristor. At the same time, various coexisting multiple attractors (e.g. three-wing attractors, four-wing attractors and attractors with state transition under the same system parameters) are observed in this system, which means that extreme multistability arises. The complex dynamical behaviors of the proposed system are analyzed by Lyapunov exponents (LEs), phase portraits, Poincaré maps, and time series. An electronic circuit is finally designed to implement the hyperchaotic memristive system.
Introduction
Chaos can be widely applied in many realms such as engineering, economy, secure communications, etc. The generation and analysis of multiwing chaotic attractors have been an important research topic. The researchers divide multiwing systems into two categories. The first category [Yu et al., 2010 [Yu et al., , 2011a Zhang & Yu, 2013] is the system with nonsmooth nonlinear parts, which can generate different number of wings by increasing the number of equilibrium points with index 2. The second L. Zhou et al. of two coexisting and closely located double-wing attractors [Liu & Chen, 2004] . Later, the real fourwing attractors in smooth autonomous system were proposed [Qi et al., 2008; Wang, 2009; Dadras & Momeni, 2009; Yu et al., 2011b] . However, these systems have only one positive Lyapunov Exponent and belong to normal chaotic system.
In recent years, much effort has been made in the generation of hyperchaotic system with more complex dynamics, and hyperchaotic system can be widely applied in Secure Communication [Lin et al., 2015] , and encryption . There are few reports of hyperchaotic attractors in smooth multiwing system. The four-wing hyperchaotic attractors have been proposed by using state-feedback control and parameter trial-anderror methods [Dadras et al., 2012; Zarei, 2016] .
The new method to generate hyperchaotic attractor is proposed with the introduction of memristor. The memristor known as the fourth fundamental electronic element was predicted by Chua in 1971 [Chua, 1971] and firstly fabricated by Williams et al. [Strukov et al., 2008] at HP Lab in 2008. Due to its nonvolatility, nano size, and low power consumption, the memristor has many potential applications such as neural network [Duan et al., 2015; Adhikari et al., 2015] , nonvolatile random access memory (NRAM) [Samuel, 2016] . Recently, the dynamic behaviors of memristive nonlinear system have also been researched [Rakkiyappan et al., 2015; Bao et al., 2015; Bao et al., 2014; Li et al., 2015; Muthuswamy, 2010; Iu et al., 2011; Bao et al., 2011] . The analysis and design of memristive system with complex dynamics represent a big challenge. In order to realize hyperchaotic and multiwing system, Zhou proposed a memristive hyperchaotic system by replacing the resistor in modified Lü multiwing system that belongs to the first category [Zhou et al., 2016] . Then, Ma proposed a memristive hyperchaotic system by adding a common smooth flux-controlled memristor and a cross-product item into a 3D pseudo four-wing chaotic system which belongs to the second category in [Ma et al., 2015] , and the system can only exhibit four-wing attractor, and needs an extra cross-product item. In this paper, only by adding a common smooth flux-controlled memristor, a novel memristive system can generate four-wing hyperchaotic attractor with a line of equilibria. Compared with [Ma et al., 2015] , due to the absence of cross-product item, it is easier to implement the circuit.
At the same time, the memristive variable-wing attractors have been presented in [Teng et al., 2014; Cang et al., 2016] . A memristive system using a memristor with a second-order inner state characteristic function and a fourth-degree polynomial memristance function is constructed [Teng et al., 2014] , and this memristor-based simplest chaotic circuit can generate a two-wing attractor and a four-wing attractor. Later, one-to-four-wing chaotic attractors are proposed in a class of simplest threedimensional memristive systems [Cang et al., 2016] . By using generalized memristor, the memristive chaotic system can generate single-scroll attractors, double-scroll attractors, and four-scroll attractors, and various coexisting attractors and hidden coexisting attractors are observed in [Yuan et al., 2016] . It is very interesting to generate variablewing attractor in memristive systems. However, the variable-attractors [Teng et al., 2014; Cang et al., 2016; Yuan et al., 2016] are generated by the complex memristor function. In this paper, by using the easy common memristor model, the new memristive system can exhibit two-wing, three-wing, and fourwing chaotic attractors with the variation of a single parameter which denotes the strength of memristor. Moreover various coexisting multiple attractors are also observed in this system, which means extreme multistability arises. The paper is organized as follows. In Sec. 2, a novel 4D memristive system is stated. Complex dynamic behaviors of the memristive hyperchaotic four-wing system are analyzed in Sec. 3. In Sec. 4, variable-wing attractors and multiple attractors are discussed and analyzed. In Sec. 5, the circuit implementation of new memristive hyperchaotic four-wing system is proposed. Some conclusions are finally drawn in Sec. 6.
The 4D Memristive Four-Wing System
In 2002, Lü proposed a new double-wing system [Lü & Chen, 2002] . Later, a four-wing attractor proposed by Liu and Chen [2003] is a special case of the general Lorenz system. It can be described as follows:
where α, β, γ, and δ are all constants, and x, y, z are the state variables. At first, it was believed that this system could produce a four-wing chaotic attractor, but later it was proved that the four-wing attractor was a pseudo-case as a result of the existence of the numerical artifact [Liu & Chen, 2004] . By introducing a flux-controlled memristor in the third equation of system (1), a new 4D autonomous chaotic system is given by
where d is a positive parameter indicating the strength of the memristor, and w(ϕ) is a memductance function. The definition of a memristor is based on the relationship between charge q and flux ϕ. The relationship between the voltage across a flux-controlled memristor and the current is given by the differential form shown in (3).
The smooth flux-controlled memristor, which has been utilized to construct complex chaotic systems [Bao et al., 2014; Li et al., 2015; Muthuswamy, 2010; Iu et al., 2011; Bao et al., 2011] , is easier to analyze and implement. The memductance function w(ϕ) is shown as
where a and b are two positive constants.
Symmetry and invariance
Generally, the symmetry property widely exists in dynamic system with an even number of attractors. The memristive system (2) keeps the symmetry of the original 3D system (1), and it is invariant under the transformation (x, y, z, ϕ) ↔ (−x, y, −z, −ϕ). Also, attractors in state space have to be symmetric with respect to y axis.
Equilibria and stability
It can be seen that the equilibrium states of system (2) only rely on x, y, and z and are independent from ϕ. We can easily observe that the system (2) has a line equilibria
where c is any real constant.
By linearizing system (2) at point O, we can obtain the Jacobian matrix on O.
According to the Jacobian matrix (5), the characteristic equation is given by
It is very easy to solve its eigenvalues, and they can be expressed by
The value of α, δ, and γ are all positive, so λ 3 and λ 4 are always negative, and λ 2 is always positive. Therefore, the system (2) has an unstable saddle point.
Dissipativity
The dissipativity of system (2) is described as
when α, δ, and γ satisfy α − γ − δ < 0, the system is dissipative.
Complex Dynamics of the Memristive Hyperchaotic Four-Wing System
In this section, the system (2) map, and phase portraits. The system (2) can generate four-wing hyperchaotic attractors when α = 2.6, β = 3, γ = 5, δ = 1, k = 0.48, a = 1, 3b = 0.4.
The Lyapunov exponents
The LEs which describe the rate of exponential divergence from perturbed initial conditions are a useful tool to quantify chaos. And two positive LEs are usually interpreted as an indication that the system is hyperchaotic. In this paper, we take the Dormand-Prince method (RK45) as the ODEs solver and use the famous Wolf method. The absolute and relative errors are kept to 10 −6 , and the initial condition is set to ( 
The phase portraits and Poincaré section
Another technique to distinguish a chaotic response from a regular one, the Poincaré mapping technique, as is well known, is proved to be very informative. A Poincaré section is often used to reduce a higher continuous system to a discrete map of lower dimension. For drawing the Poincaré map, we use an appropriate Poincaré section Ω defined by
The Poincaré sections of the new system are provided in Fig. 3 for better analysis of the hyperchaotic system.
The Memristive Variable-Wing Attractors and Their Complex Dynamics
In this section, the phenomenon of variable-wing attractors will be studied. System (2) can also generate double-wing and three-wing chaotic attractors with different parameters except for four-wing attractors. 
Generating Hyperchaotic Attractor and Chaotic Attractors

Four-wing chaotic attractor
When the parameters of system (2) are taken as α = 4, β = 6, γ = 10, δ = 5, k = 0.48, a = 1, 3b = 0.03, the numerical results of LEs are depicted in Fig. 4 (the last one is not displayed because it is always a big negative number). (2) with respect to d when the other parameters of system (2) are as follows: From Fig. 4 , we observe that the system (2) has complex dynamic behaviors such as chaos, hyperchaos, torus, and periodic orbits. Most of the dynamical systems can be characterized with their Lyapunov exponents (LEs), which are classified in Table 1 .
Several simulations have been carried out based on the previous calculation on the changes of L. Zhou et al. Lyapunov exponents that go with the parameter d, the outcome of chaotic attractors with some typical parameters is summarized as follows:
(1) When d = 0.2, the phase portraits of system (2) 
Three-wing chaotic attractors
This new system can generate three-wing chaotic attractors by only varying a single parameter. Here parameter d is selected to be varied. If we choose the parameters α = 4, β = 6, γ = 10, δ = 5, k = 0.48, a = 1, 3b = 0.03, and d = 0.9, three-wing chaotic attractors can be observed, as shown in Fig. 9 .
Coexisting two-wing chaotic attractors
Multiple attractors mean that several attractors are created simultaneously from different initial values. This new system can generate coexisting two-wing chaotic attractors. If we choose the parameters α = 4, β = 6, γ = 10, δ = 5, k = 0.48, a = 1, 3b = 0.03, and d = 0.01, system (2) can generate two neighboring two-wing chaotic attractors with initial values (±1, 10, 0, 0) as shown in Fig. 10 .
Time sequence of the variable-wing attractors
In order to investigate the variable-wing attractors, we have a simulation for time series depicted in way around [Liu & Chen, 2004] . From Fig. 11(c) , we observe that the sign of variable z (colored in red) will change. According to the analyses above, the proposed system (2) is a true four-wing system.
Coexisting multiple attractors, state transition, transient periodic orbits, and transient chaos
When different initial states are considered, an interesting and striking phenomenon of multiple attractor behavior can be observed by numerical simulations. For different initial states, the projections of multiple attractors on the y-z plane are plotted in Fig. 12 when we choose the parameters α = 4, β = 6, γ = 10, δ = 5, k = 0.48, a = 1, 3b = 0.03 and d = 0.9. When the initial states are [0.0001 10 1 10], the system (2) exhibits three-wing attractors, as shown in Fig. 12(a) , while when the initial states are [0.001 10 0.01 1], the system (2) exhibits four-wing attractors, as shown in Fig. 12(b) , while when the initial states are taken as [100 1.01 1 10.05], the system (2) exhibits the attractors with state transition [Mou et al., 2016] in Fig. 12(c) . Sometimes there is no stable state in this system, but it has different dynamical behaviors when it starts from different dynamic time. From Fig. 13 , we can find the state transition distinctly. At first, the orbits of the system are in transient periodic orbits as shown in Fig. 13(a) , and then it transforms into transient chaotic orbits abruptly at about t = 145 sec shown in Fig. 13(b) , and finally, it disappears at about t = 542 sec. With the time evolution, the system (2) has very complicated dynamical characteristics. The three different types of attractors coexist peacefully in this memristive system, which shows that the memristive system has high sensitivity to initial values and exhibits complex dynamical behaviors with multistability in the selected parameter region.
Circuit Implementation
In order to further observe the hyperchaotic fourwing attractor, the circuit implementation using operational amplifiers and multipliers is carried out. All operational amplifiers are selected as TL082. Their supply voltages are E = ±15 V. All the multipliers are of type AD633JN, which have lasertrimmed accuracy between −10 V to 10 V. However, the values of x, y, and z in Fig. 2 may exceed this range. By taking a time scale factor RC on the dimensionless time, the system (2) after scale transformation can be described as follows:
L. Zhou et al. We adopt a simple flux-controlled memristor 
where v x , v y , v z and v ϕ are the voltages on capacitors. Compared with (10) and (11), the parameters are taken as follows: C x = C y = C z = C, R 1 = R/α, R 2 = 0.01R/β, R 3 = R/γ, R 4 = 0.01R, R 5 = R/δ, R 6 = 0.01R. Now, let us take R = 100 kΩ and C = 10 nF. According to the parameters of the system, i.e. α = 2.6, β = 3, γ = 5, and δ = 1, so R 1 = 38.46 kΩ, R 2 = 333.3 Ω, R 3 = 20 kΩ, R 4 = 1 kΩ, R 5 = 100 kΩ, R 6 = 1 kΩ. In the memristor model, if we take Cw = C and k = 0.48, then it is not hard to see that
. ( 
Conclusion
Through only adding a flux-controlled memristor, a hyperchaotic four-wing system with smooth nonlinearity is proposed in this paper. The most striking feature is that the newly proposed system can not only generate hyperchaotic four-wing attractors but also generate two-to-four-wing chaotic attractors by only changing the parameter d. Moreover, the coexisting multiple attractors (e.g. three-wing attractors, four-wing attractors and the attractors with state transition under the same system parameters) are numerically simulated. The complex dynamics behaviors are verified by theoretical analysis and numerical simulation. And we carry out the circuit implementation of the new memristive system.
